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A UNIFIED MANY-BODY THEORY OF
HAMILTONIAN LATTICE SYSTEMS

R. F. Bishop and Y. Xian

Department of Mathematics
University of Manchester Institute of Science and Technology (UMIST)
P.O. Boz 88, Manchester M60 1QD, England

Abstract. In this article we review our recent applications of a pow-
erful, nonperturbative, quantum-mechanical many-body technique, namely
the coupled-cluster method (CCM), to several guantal spin-lattice systems
exhibiting antiferromagnetism in some phases, and to various lattice gauge
field models in several dimensions. In particular, 2 unified formalism is de-
veloped for these lattice problems within the CCM framework, in order to
investigate the ground-state properties and the low-lying excitations.

1. INTRODUCTION

The coupled-cluster method (CCM) was invented some 35 years ago to study the
strong correlations between nucleons in closed-shell atomic nuclei [1]. Since then its
applications have been extended to a wide range of problems in physics and chemistry.
These include many-body problems in atoms and molecules, finite nuclei (including
open-shell nuclei) and nuclear matter, the electron gas, various quantum field theories
and impurity problems. The interested reader is referred to Ref. [2] and the references
cited therein for an overview of the method and its applications to date. Since the
CCM has become increasingly recognized over the last decade as providing one of the
most powerful, most versatile, and potentially most accurate of all formulations of the
quantum many-body problem, it is perhaps not surprising that during the last few
years the method has been extended to deal with such quantum lattice problems of
topical interest as spin-lattice systems [3] and lattice gauge field theory [4]. In view of
the success of these preliminary applications, it is our intention in the present article
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to show how the CCM can be regarded as providing a unified theory for the treatment
of quantum-mechanical Hamiltonian lattice systems.

Even quantum-mechanical spin-lattice systems with very simple Hamiltonians are
often endowed with very complex physical properties and rich phase diagrams. Fur-
thermore, their behaviour is often counter-intuitive and quite unlike that of their clas-
sical counterparts. Particularly well-known examples are the one-dimensional (1D)
spin-} Heisenberg model, which is fully integrable by the Bethe ansatz [5] (and from
which it is known to have a gapless excitation spectrum), and its non-integrable spin-1
counterpart, which has been conjectured by Haldane [6] to have a nonzero gap. By
varying the combinations of interactions (e.g., nearest-neighbour and next-nearest-
neighbour interactions, with or without anisotropy), the lattice structure, the spin
of the particles, the dimensionality of the system, and such other externally applied
parameters as the magnetic field, such quantal spin systems can exhibit a bewildering
array of orderings and phase structures. These include, for example, phases with
Ising-like long-range order, dimerized or trimerized phases, quantum spin fluids and
many other exotic and often still ill-understood structures.

In view of the above, and because a number of exact solutions are also known for
a variety of models for at least certain values of their coupling constants, these spin-
lattice systems therefore provide a particular challenge for the quantum many-body
theorist to provide an accurate and detailed ab initio microscopic description of their
properties. Furthermore, the importance of this challenge has been focused by the
realization that the 2D spin-% lattice systems have special relevance to the ceramic
cuprate and allied materials exhibiting high-temperature superconductivity.

Lattice gauge field theory was developed to provide a cure for the chromic di-
vergence problems of quantum field theories in continuous space. Nowadays, lattice
gauge models are interesting not only in their own right but also because they pro-
vide a particularly stringent test for theoretical techniques due to their inherently
nonperturbative character and the strict need to incorporate gauge-invariance at all
stages. Nevertheless, lattice gauge field theory shares many of the features of spin-
lattice models. In this paper we exploit this similarity, and show how various lattice
approximation schemes developed for the spin models can be modified rather easily
for use with both Abelian and non-Abelian lattice gauge models. We show in partic-
ular how we ate thereby able to obtain good results for the ground-state energy for
various values of the coupling parameters ranging from strong to weak.

In this article, we review our CCM results for such spin-lattice systems as the
anisotropic Heisenberg (or XX Z) model and such lattice gauge theories as the U(1)
model of quantum electrodynamics, both of which are described in Sec. 2. We focus
especially on the ground states here, and aim to demonstrate that the CCM provides
an effective and unified technique to deal with such lattice problems as the above
archetypal examples. We also ontline some future prospects of our CCM analysis for
both several exotic phases of other spin models and such non-Abelian lattice gauge
theories as the SU(2) model.

The remainder of the paper is organized as follows. Correlations in the CCM,
as in-any other microscopic description, are described with respect to some suitable
(uncorrelated or) model state, as explained in Sec. 2. Our initial application of the
CCM to spin-lattice problems started with an interest in the antiferromagnetic Ising-
like phase where the classical Néel state would appear to be a good @ prior: choice of
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model state. In Sec. 3 we consider the XX Z model Hamiltonian, and apply to it two
different systematic hierarchical approximation schemes in a CCM description based
on the Néel state as model state. One scheme includes correlations of arbitrarily long
range in each order of implementation, thereby permitting possible phase transition
to be predicted. The other scheme is a local approximation scheme in which many-
body corzelations involving considerably more spins than in the former scheme can be
calculated with very high accuracy. We also demonstrate in Sec. 3 how the CCM can
be adapted to incorporate a different choice of model state (namely, here, the planar
model state), by reference to the particular example of the 1D spin-1 Heisenberg-
biquadratic model. Analogues of the above CCM truncation schemes for the U(1)
lattice gauge theory are demonstrated in Sec. 4, where we also discuss alternative
choices of model state. In Sec. 5 we consider very briefly the possible extension of
this work to the non-Abelian SU(2) model, and in Sec. 6 we conclude with a critical
discussion of the results attained to date, and the potential of the CCM for wider
application.

2. COUPLED-CLUSTER FORMALISM FOR LATTICE PROBLEMS
2.1 Basic Ingredients

As stated in Sec. 1, the coupled-cluster method (CCM) was developed for the
study of many-body correlations in a quantum system. To achieve this the CCM first
focuses on the exact many-body wavefunction [¥,) for the ground ket state. The
starting point for a coupled-cluster description is the model (or reference) state |3).
Although there is considerable freedom in its choice, the usual primary requirement
on it has been that it is a cyclic vector, with respect to which one may define two
mutually commuting subalgebras of multiconfigurational creation operators {C}} and
their Hermitian-conjugate destruction counterparts {Cr}. The set-index I labels a
general multiparticle cluster configuration with respect to the state |®) in the role
of vacuum or reference state. The operators {C}} and {C} are complete in the
sense that arbitrary ket and bra states within the many-body Hilbert space may be
decomposed as the respective inear combinations

[®) =Y "¥:Cli®);  (¥=_ $r(3ICr. (21)
I I

In the CCM the muliiparticle correlations in the ground ket state are in principle
included exactly in terms of an ezponentiated cluster correlation operator S,

[¥%,) = es|§); H|¥,) = E,|¥,), (2.2)

which may be decomposed wholly in terms of creation operators
S= Zl SIC'}, . (2.3)
I

where, by definition, the prime on the sum over configurations {I} excludes the
I = 0 term corresponding to the identity operator, C'g = 1. We thus have the
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intermediate normaligation condition ($]¥,) = (&|®) = 1, in the usual scheme where
(@IC}IQ} = 0, VI # 0. The correlation operator of an N-body system may itself also
be decomposed as a linear superposition of n-body partitions, S = Z‘,’Ll S,, where S,
describes the configurations formed by exciting n particles from their single-particle
states contained in |®).

The reason for writing the correlations in the exponential form of Egs. (2.2)
and (2.3), rather than in the linear form of Eq. (2.1) typical of the configuration-
interaction method, lies at the very heart of the CCM, as described more fully in
Ref. 2. We only recall here that the exponential form leads to: (i) a proper counting
of independent excitations (e.g., n independent pairs of particles excited from |®) are
properly described by the wavefunction 2;(S2)"|®)); (ii) the automatic incorporation
of the important Goldstone linked-cluster theorem; and (iii) hence also a proper scal-
ing with particle number N (i.e., size-extensivity) of such extensive variables as the
ground-state energy E, in the infinite limit, N — oo.

Practical implementations of the CCM are made by restricting the cluster am-
plitudes {S7} to some (finite or infinite) subset of the entire set, within a well-defined
hierarchy of approximations. The retained amplitudes are then solved for approxi-
mately, as follows. The ground-state Schrodinger equation of Eq. (2.2) is first rewrit-
ten in the similarity-transformed form,

(e °He® - E,)|®) =0, (24)

which is the hallmark of the CCM. By taking the inner products of Eq. (2.4) with the
complete set of states consisting of |$) itself and {C}l@); I # 0}, we find respectively,

(Ble *HeS|®) = E,, (2.5)

and
(B|CreSHeS|3) =0; I#O. (2.6)

The set of equations (2.6) represents a coupled set of nonlinear equations for the c-

number coefficients {51}, equal in number to the number of retained coefficients, and,

in terms of the solution to which, Eq. (2.5) gives the ground-state energy, £, = E,{S1].
Due to the nested commutator expansion,

SHS = H+[H, S|+ (I8, 5], ST+, 2.7)

and the fact that each of the individual components of S commutes with all others,
every element of S in Eq. (2.3) is linked directly to the Hamiltonian in each of the
terms in Eq. (2.7). Hence, each of the coupled equations (2.6) is of the linked-cluster
type. Furthermore, the otherwise infinite series of Eq. (2.7) actually terminates after
a finite number of terms if, as is usnally the case, each term in the second-quantized
form of the Hamiltonian contains a finite number of single-particle destruction op-
erators defined with respect to |$). Equations (2.5) and (2.6) are therefore of finite
order in the retained coefficients {Sr}, and need no additional (artificial or approxi-
mate) truncation. In this very important respect the CCM differs from its unitary-
transformation counterpart that would arise in a standard variational formulation, in
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which the bra state (¥, is simply taken as the manifest Hermitian conjugate of |¥,).
This feature 1s important, and leads naturally to the biorthogonal CCM description
(rather than the more usual orthogonal one) in which the manifest Hermitian conju-
gacy of corresponding bra and ket states is lost. While the bra states are not needed
to calculate the ground-state energy, they are needed to calculate such other ground-
state expectation values as order parameters. Since we concentrate here only on the
ground-state energies of spin-lattice and lattice gauge field models, we refer the reader
to Ref. [2] and the references cited therein for further details of the bra-state CCM
parametrization.

In the remainder of this section we illustrate the above general formalism for the
specific cases of the XX Z spin-lattice model and U(1) lattice gauge field theory.

2.2 The XXZ Spin-Lattice Model

The XX Z or anisotropic Heisenberg model is an archetypal spin-lattice prob-
lem. It comprises N spins (with spin quantum number s) on the sites {I} of a d-
dimensional regular lattice, which interact via nearest-neighbour couplings described
by the Hamiltonian

N =z
1 1 - -
H= 3 E : E : [Asfsf_h, + E(stwp +5 S;:—p):l ) 29

I=1 p=1

where the index ! runs over all N (— co) lattice sites with the usual periodic bound-
ary condition imposed; the index p runs over all z nearest-neighbour sites (i.e., z is
the coordination number of the lattice); the operators s and s,* = 57 1is? are spin-s
operators obeying the usual SU(2) angular momentum commutation relations; and
A 1s the anisotropy parameter, which in the special case A = 1 gives the isotropic
Heisenberg Hamiltonian. For present purposes we consider only the case of bipartite
lattices, where the lattice is composed of two alternating sublattices, which we denote
as A and B. Bipartite lattices include the important examples of the 1D chain, 2D
square lattice, and, more generally, the hypercubic lattice in any number of dimen-
sions. The restriction to bipartite lattices excludes such lattices as the triangular
lattice and sidesteps the associated effects of frustration. Furthermore, we restrict
our attention in this article to the case A > 0, where the system is known to be
antiferromagnetic, for example, for the spin-; 1D chain.

Let us first consider the limiting case of the Ising model, where A — co. In this
limit the ground state of Eq. (2.8) is clearly given by the (classical) Néel state |N'2} in
which all spins on the A-sublattice have z-component s* = —s, say, and all of those
on the B-sublattice have s* = +s. The Néel state thus has perfect antiferromagnetic
long-range order. In order to study the quantum correlations at any finite A, it seems
appropriate to take the Néel state as our reference state |®) in a CCM analysis. The
correlation effects are thus incorporated by considering excitations with respect to the
above model Néel state. The single-spin creation operators with respect to this state
are clearly the spin-raising operators s} for sites 7 on the “spin-down” A-sublattice,
and the spin-lowering operators s; for sites j on the “spin-up” B-sublattice. Each
operator can act 2 maximum of 2s times on a single site before the Néel state is
annihilated.
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We also note that the Hamiltonian of Eq. (2.8) commutes with the operator
ot (= T, s7), and that the antiferromagnetic ground state |¥,) may therefore,
by definition, be sought in the restricted subspace where si,,;, = 0. We may thus
write

N/2
%) =e|N2); S=D Sm, (2.9)
n=1
with the correlation operators Sa, given, with 2 somewhat arbitrary choice of nor-
malization constant, as

( 1" mop
g Z Z Six i vingsjainSi Sty S8 85, 85, (210)

31,8250 30 F2.9250-00 =

where we have used indices {4;} and {4, } for sites on the A- and B-sublattices, re-
spectively. Cleatly, for spin-s particles, the coefficdents S;, i, . i, j; j2...j. 10 Eq. (2.10)
are non-vanishing only when a given lattice index appears no more than 2s times.
The ground-state energy per particle in this case is rather straightforwardly cal-
culated from Eq. (2.5) as
B,

32

where z is the coordination number of the lattice and b, = &; 4, is the nearest-
neighbour pair correlation coefficient. We note that b, is independent of both the
index i by translational invariance, and the index p by the lattice symmetries under
rotations and reflections. We also note that Eq. (2.11) is ezact, and that &; is itself
determined by the coupled set of equations (2.6), which become in the present case,
(Blss, ---si.shsh ---s]e™"He|8) =0, n=1,2,..,N/2. (2.12)

tn"21772

In any practical calculation one has to make either a finite or infinite truncation
of the expansion for the correlation operator S given by Egs. (2.9) and (2.10) in order
to determine the otherwise infinite number of correlation coefficients {S;, .54, ...7n}-
A number of such truncation schemes are now available, some of which are discussed
further in Sec. 3. Finally, Egs. (2.12) are to be evaluated, one for each retained correla-
tion coefficients, and then solved. Such explicit evaluation can rapidly become tedious
and time-consuming if done by hand. Nevertheless, the process is very amenable to
automation using computer-algebraic techniques.

2.3 U(1) Lattice Gauge Field Theory

The Hamiltonian lattice gauge field theory is usually defined in d spatial di-
mensions on a d-dimensional hypercubic lattice. Thus, the theory is defined iz one
dimension (1D) on an N X 1 array of elementary (1 x 1 square) plaquettes, in two
dimensions (2D) on an N x N square array of plaquettes, in three dimensions (3D) on
an N x N x N cubic array of plaquettes, etc. For example, the Hamiltonian for the
U(1) lattice gauge field theory is defined in the vacuum sector in terms of a coupling

constant A as i 2
= §Za—A?+J\Z(1—coslse,,), (2.13)
14 b4
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and the Hamiltonian for the non-Abelian SU(2) model will be discussed in Sec. 5. In
Eq. (2.13), the vector potential A; is defined on the links I of the lattice, whereas the
magnetic field B, is a plaquetie variable defined by the four values of 4; with [ € p
on the elementary plaquette as the lattice curl, namely

B, = Ay + Ay — A — As, (2.14)

where the order for the four link indices is counterclockwise around the plaquette
P, and the overall sign is chosen by convention. In the compact U(1) theory B, is
constrained to Lie in the range —x < B, < 7.

" For practical calculations, it is very useful to express Eq. (2.13) in terms of
plaquette variables alone. For both the 1D array and the 2D square lattice, it is easy
to show that

82

H= [ — 4 A1 - cosB] ———; —-7<B,<mw (215
Pz_; 8B ( ) 2%«:33,33,,,, ? (2.15)

where N, is the number of plaquettes in the lattice and p is, as before, a lattice vector
connecting nearest-neighbour plaquettes of the lattice.

In lattice gauge field theory, the case A — 0 is usually referred to as the strong-
coupling limit, while the case A — o0 is termed the weak-coupling limit. In the
strong-coupling limit (A = 0), the Hamiltonian of Eq. (2.15) reduces to a simple sum
of independent one-body terms,

d?
Hy= —2253; -x< B, <, (2.16)
?

each of which has two sets of eigenstates, namely {cosmB; m = 0,1, 2, ...} with even
parity and {sinmB; m = 1,2, ...} with odd parity. The corresponding ground state
is clearly a constant.

By analogy with the Néel model state for the spin-lattice problem discussed
above, one can now take the ground state of the unperturbed Hamiltonian Hy as our
CCM model state [@). Hence we have, |#) = C with C a c-number. In the same spirit
as before, one can define the n-body correlation operator S, in terms of n-plaquette
excitations with respect to this model state, and write the correlation operator S as

N
5= 5, 2.17)
k=
with
o Ny
51=3"3"5,(n)cosnB, (2-182)
n=1lp=1

Z Z [ Px?:(nl’ nz) cosnlB?, cos nZsz

nx Mn2=1p3,p2=1

+ s‘.‘(’wz (nl' nz) sin n BP; sin 712.8?3] , (2.18b)
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where the prime on the summation excludes the terms with p; = p2; and similarly
for the higher-order partitions S with £ > 2. We note also that such a definition of
S is dictated by the requirement that the ground state, [¥,) = exp(S)|®), has even
parity under the interchange of the sign of all variables {B,} simultaneously.

In order to derive the CCM coupled equations (2.5) and (2.6) one needs to define
the inner product for the lattice gauge model. We define the inner product of two
wave functions, |f) = |f({Bp})) and (§] = (§({B;})|, in the case of the U(1) model,

(glf) = /_: ﬁ (%%) §-f (2.19)

p=1

Thus {®[®) = 1 if the constant value C is chosen to be unity.
The energy equation and the one-plaquette equations can be written together as

(8| cosnBpe~He®|8) = Egbno; n=0,1,2,..., (2-20)
and the two-plaquette equations consist of two sets of inner products,
{®| cosny By, cosnyBy,e~° He®|®) = 0, (2.21a)
and
{®|sinny By, sinnyBye S He®|8) = 0, (2:21b)

where ny,n2 = 1,2, ... and p; # p2 as before. )

Again one needs to employ 2 truncation scheme for any practical calculation in
order to determine the coefficients {S,(n)}, {‘Sﬁ),,(nl, ny); i = 1,2}, efc. As we shall
see shortly, a local approximation which was developed for the spin-lattice problems
also provides a very efficdent approximation scheme for the lattice gauge models.

3. SPIN-LATTICE MODEL CALCULATIONS

As discussed in the previous section, the ground-state energy and ket-state coeffi-
cients for the X X Z spin-lattice Hamiltonian of Eq. (2.8) are determined by Egs. (2.11)
and (2.12) respectively. In this section we solve these coupled equations within sev-
eral approximation schemes which have been developed and which have proved very
successful in dealing with lattice problems in the course of our investigations [3]. In
particular, we discuss in this article two approximation schemes, namely the so-called
SUBn and LSUBm schemes. For a particular spin-1 chain employing a different
Hamiltonian, we also make a similar CCM analysis using an alternative model state,
which will be discussed in Sec. 3.3. ‘

3.1 SUBn Scheme Based on the Néel Model State

The SUBn scheme is the most common truncation approximation of the CCM,
in which one only keeps up to n-body correlations, i.e.

S — Ssuen = ZS):. (3.1)
k=1



We have derived all equations within the SUB4 scheme for a general XXZ model
[3]. Here we consider the SUB2 approximation based on the Néel model state as an
example. As given by Eq. (2.11) the CCM coupled equations for the two-spin-flip
coefficients are given by, with S — Ssgps = S3,

(N2|s] sfe™%2 He™|N2) = 0, (3.2)

or, after some straightforward algebra,

> [(1 + 20y + 282)6,, — 45(A+20)b, +452 S bob_pip,| =0, (3.3)
1 !

where we have introduced the notation b, = §;; with r = j — ¢, taking advantage of
the translational invariance of the lattice system. We note that in 1D r is simply an
odd integer, but in 2D 7 is a lattice vector connecting a site on the A-sublattice with
a site on the B-sublattice.

The full set of nonlinear SUB2 equations (3.3) can be solved analytically by a
sublattice Fourier transform method [3]. The solution may be written for the 1D

chain as * dg
- 2 BT (1 _ /1= E2cos?
b,_K/D = S (1- V1 -Fk%cos?yq), (34)
where .
_1 2 _ 14240 + 283
= 23(A+21>1), k= Grony | (3.5)
The coefficient b; is thus determined self-consistently by
™ dg
b1=Kj L (1- VT Fotq). (3.6)
o

Once b; is determined, the ground-state energy is obtained from Eq. (2.11). For the
isotropic spin-1 1D model, i.e., z =2 and A = 1, we find E,/N = —0.4186. This is
in rather good agreement with the exact result of —0.4432 to the same accuracy of
four significant figures.

More interestingly, the SUB2 solution given above predicts a phase transition
which is given by the terminating point in Eq. (3.6), at which ¥ — k. = 1, and beyond
which Eq. (3.6) has no real solution. This terminating condition determines the
critical anisotropy A, such that no real SUB2 solution exists for A < A.. Numerical
solution yields the values A, = 0.3728, 0.7985 and 0.8872 for the spin-% modelsin 1D,
2D and 3D respectively. As discussed in detail [3], by the further calculation of spin-
spin correlation functions, the staggered magnetization, and the low-lying excitations,
this critical point corresponds to the known Ising-Heisenberg phase transition, which
is known to occur at A = 1 in 1D. (When the higher-order many-body correlations
are included, our value of A. moves closer to the exact value.of 1 as expected [3].)
Furthermore, at this critical point the SUB2 staggered magnetization is zero in 1D in
agreement with the exact result [5], but nonzero in 2D and 3D. In particular, for the
well-studied 2D spin-% square lattice, this value is 0.682 in our SUB2 approximation,
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Table 1. Ground-state energy per spin as a function of A for the 1D
spin-; XXZ model. Shown are the results of the LSUBn schemes with
n=2,4,6,8, together with the exact results for comparison.

A
Method

0.0 0.5 1.0 15 2.0 5.0

LSUB2 -0.2887 -0.3412 -0.4167 -0.5069 -0.6076 -1.2986
LSUB4 -0.3193 -0.3692 -0.4363 -0.5195 -0.6155 -1.2995
LSUB6 -0.3198 -0.3730 -~0.4400 -0.5218 -0.6167 -1.2995
LSUB8 -0.3196 -0.3741 -0.4414 -0.5226 -0.6170 -1.2995
Exact -0.3183 -0.3750 -0.4432 -0.5234 -0.6172 -1.2995

in good agreement with the results of many other calculations including large-scale
Monte Carlo simulations (and see references cited in Ref. [3]).

3.2 LSUBm Scheme Based on the Néel Model State

In the SUB2 scheme discussed above, one includes arbitrarily long-range corre-
lations and hence it is possible to predict a phase transition. On the other hand, if
one desires only to obtain the ground-state energy with high accuracy, there exists
a very efficient alternative truncation scheme. This is a local approximation scheme,
referred to as the LSUBm scheme, which takes advantage of the localized nature of
the interactions on the lattice. Specifically, in a LSUBm approximation one retains
only those local configurations in the correlation operator S specified by a nominal
index m. In particular, for the spin-lattice models under consideration, the LSUBm
scheme retains only those configurations which contain any number of spin flips with
respect to the Néel model state over a region of m contiguous sites on the lattice, and
which are compatible with the restriction of 57, , = 0.

For example, we consider the case of s = % in 1D. The LSUB2 scheme retains the
single coefficient b; = S; ;4. Its determining equation can be derived from Eq. (3.3)
as

1—2Ab; —3b% =0, 3.7

with solution b; = (v/AZ+3 — A)/3. Substituting in Eq. (2.11), one has E,/N =
—5/12 ~ —0.4167 for the isotropic case A = 1. This is surprisingly close to the full
SUB2 result of —0.4186 given previously.

In the LSUB4 scheme in 1D for the case of spin-3, one retains 3 independent coef-
ficients, b; and b3(= S; i43) of the two-spin-flip configurations, and g4(= S;iy2:+1:43)
of the first four-spin-flip configuration. The corresponding coupled equations are de-
rived from Eq. (2.12) respectively as

1— 2Aby — 3b2 + 2bybs + 262 + 294 = 0, (3.8a)
bi — 4Ab3 — 4b3bs + g4=0, (3.86)
— A(B2 + 2b1b3) + ga(A + 4by + bs) + 25,53 = 0. (3.8¢)

442



X
X

1

»% 2. 3¢ pvs 3¢

RS
x* £l X x* L X

Figure 1. The nine independent configurations of the LSUB6 scheme
for the 1D spin-; model. The crosses indicate the flipped spins with respect
to the Néel model state. Notice also that the three configurations in the first
column constitute the LSUB4 scheme discussed in the text.

For the same 1D spin-% chain the LSUB6 approximation retains 9 independent
cluster correlation coefficients, with corresponding spin-flip configurations illustrated
in Fig. 1 as an example. We have obtained numerical results for the ground-state
energy in the LSUBm scheme with m < 8 for the 1D spin-% model. In Table 1 we
show the results for several values of A, together with the exact results for comparison.
As can be seen from Table 1, one can obtain the ground-state energy with very high
accuracy in this LSUBm scheme for relatively low levels of m, even for values of A < 1
for which the perfect long-range ordering in the Néel state has been totally destroyed
in the exact ground state.

3.3 Alternative Model States

So far we have considered the CCM analysis of spin-lattice systems based on
the classical Néel state as our choice of model state. While this is a quite natural
choice for the XX Z model which is likely to possess the Ising-like long-range order
(at least for anisotropy in the range A > 1), it may not be so for other spin-lattice
systems since there may exist other phases for which different CCM model states may
be more appropriate. (Indeed, this may also be true for the so-called critical phase of
the XX Z model.)

In this section, we consider an interesting spin-1 model, namely, the 1D
Heisenberg-biquadratic chain, which exhibits a particularly rich phase structure. The
Hamiltonian of this model is given by

N

H=> [cosfs; 5141 +5inf(s; - s141)°), (3.9)
=1

where s; is 2 spin vector with |s;| = 1, and the coupling constants are expressed
through the angular parameter §. The antiferromagnetic region is given by —37/4 <
8 < =/2, with the remaining region being ferromagnetic. The pure Heisenberg model
is given by = 0.

There are some exact results [7-10] available for this Hamiltonian. Briefly, the
system is integrable [8,10] using the Bethe ansaiz [5] at both 8 = —x/4 and 7/4.
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Figure 2. Expectation values of the spin-1 Hamiltonian of Eq. (3.9)
with respect to several trial states as given by Eqgs. (3.10). Also shown are
the ‘exact’ results extrapolated from finite-size calculations (solid).

However, the corresponding periodicities in real space are two-fold and three-fold
respectively. At § = —x/2 the system has been partially mapped [7] onto the spin-1
XXZ chain, and hence has been shown to have a nonzero gap and dimerization
long-range order. At @ = tan~2(1/3), the exact ground state was shown by Affleck,
Kennedy, Lieb and Tasaki [9] (AKLT) to be given by 2 uniform resonating valence
bond configuration with no ordinary long-range order. The pure Heisenberg point,
at 8 = 0, was discussed by Haldane who predicted the existence of a previously
unexpected gap [6].

Based on these exact results and other analytical [11,12] and numerical [13] work,
it seems reasonable to assume that there are at least three phases in the antiferro-
magnetic region, namely the homogeneous (or the AKLT-like [9]), dimerized, and
trimerized phases. One possible additional phase, the ‘spin-nematic’ phase, has also
been proposed by Chubukov [11] for # near the ferromagnetic transition point at
6= -3r/4.

In Fig. 2 we show the expectation values of Eq. (3.9) as functions of ¢ in various
model states, namely, (i) the Néel state |N2) as discussed above; (i) the so-called
AKLT state [9], |AKLT), which is given by a simple valence-bond configuration with
every atom connecting each of the two adjacent atoms by a valence bond; (iii) the
dimerized (or spin-Peierls) state [D) which is given by a sequence of singlet states
formed from pairs of adjacent atoms; (iv) the trimerized state |T") which is similar to
the dimerized state but with each singlet state formed from three adjacent atoms; and
finally (v) the planar state |[N1) in which each atom has s* = 0. These expectation
values are given by the following expressions,

(N2|H|{N2)/N = —cosf + 2sin b, (3.10a)
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(AKLT|\H|AKLT)/N = '% cos@ + 2sin, (3.105)

(DIH|D)/N = —cos + g sind, (3.10¢)
(TIE|T)/N = --32- cos 8+ % sin, (3.10d)
(N1H|N1)/N = 2siné. (3.10¢)

It is clear that the choice of model state with lowest energy depends critically on
the value of §. For example, near the ferromagnetic transition point at #§ = —3x/4, the
planar model state has lowest energy; around 4 = tan=!(1/3), the energy expectation
value of the AKLT state is the lowest; while around 8 > x/4, the trimer state seems
to give the lowest enezgy, etc. In any case, we now consider two CCM analyses for
the Hamiltonian of Eq. (3.9), namely one based on the same Néel state as discussed
above, and the other based on the new planar model state. We shall leave further
discussion of other possible model states such as the trimerized or dimerized states
to the final section.

(3) A CCM analysis of the spin-1 chain based on the Néel model state
The analysis of this case is the same as for the XX Z model except we use the

Hamiltonian of Eq. (3.9) instead of that of Eq. (2.8). As an example we quote the
result for the two-body coefficients {&,} in the full SUB2 approximation,

D [A8, + Bb, +C D brbr_piyy) =0, (3.11)
P tad
where p = £1, where 7, may be any positive or negative odd integers, and
A= —cos8(1 + 2b; + 2b%) + sin 6(1 + 2b;)(1 + 2b; + 6b2), (3-12a)
B =4cosf(1 + 2b;) — 4sin§(1 + 4b; + 682), (3.12b)
C = —4cosf +4sin (1 + 2b;). (3.12¢)

These equations can be solved in similar fashion to Eq. (3.3) by a Fourier transform
technique. In Fig. 3 we show the SUB2 results from the solution of Eq. (3.11) for the
ground-state energy as a function of §. Interestingly, we observe again that there is a
terminating point denoted as A, now at § ~ 0.9864, which is very close to the point
6 = x/4 where the exact results of Lai and Sutherland [10] reveal that the system
has three-fold real space periodicity, in contrast to all the systems we have considered
so far where the periodicity is two-fold. We therefore conclude that this terminating
point may correspond to the critical point where the spin-1 system experiences a
phase transition from a state like the model state |[N'2) with a two-fold periodicity to
the state with a three-fold periodicity. The exact value of this critical point which
separates the Haldane (AKLT simple valence-bond-like) phase from the trimerized
phase is still not known, but it certainly lies in the range tan~1(1/3) < ¢ < 7/4.

(b) & CCM analysis of the spin-1 chain based on the planar model siate
We now investigate the same Hamiltonian of Eq. (3.9) with 2 CCM analysis based
on a different model state, namely the planar q;odel state. By contrast with the Néel
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Figure 3. Ground-state energy per atom of the spin-1 Hamiltonian of
‘Eq. (3.9) in the full SUB2 scheme, using the Néel model state and planar
model state respectively. The ‘exact’ results extrapolated from finite-size
calculations are also included for comparison.

model state, the planar model state |N'1} is translationally invariant, and is given by
the configuration with all spins in the s* = 0 state,

lNl) = ]0, 0: 0: 010) 01 0: 0)"')- (3-13)

The excitation operators with respect to |[N1) clearly differ from those with
respect to |N2). The usual raising and lowering operators s,i cannot be used for
a CCM analysis based on |[N1). The reason is that to create a state on site ! with
&* = +1 from |N1) one needs the operator s;", whereas to create a state with s* = —1
requires s; . Clearly s;” also acts as a destruction operator on the state with s* = 1.
Since the CCM correlation operator S is required from Eq. (2.3) to be composed only
from creation operators this cannot be done using the {s¥}. In order to construct
these new excitation operators for the planar model state of Eq. (3.13), we consider a
single spin-1 atom which has the three states with s* = +1,0, —1, denoted as {+}, |0},
and |[-) respectively. Therefore, using this basis {|4), |0}, |-}}, any spin operator
can be expressed in terms of a 3 X 3 matrix which may be decomposed into a linear
combination of 9 independent operators. We choose these as the 9 matrices each of
which has 8 zero entries and a single nonzero entry which we take as 1 in each of the
nine possible positions. Let A;; be such a 3 x 3 matrix with 1 on the ith row and jth
column (i.e., in a notation with (#'|A4;|5') = 6;:+6;5, where 4,5 = 1,2,3 correspond
respectively to the cases s* = +1,0, —1). We introduce new notations,

A =U7% Azz-ECz; A33.=_Dz;
Ao = U+; Az = .D+; An=U"; Axz=D"; (3.14)
A13=U™; Az =D™.
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This notation is meant to suggest ‘up’, ‘down’, and ‘centre’, while the superscript m
denotes ‘maximal’ (i.e., double ‘+’ or double ‘—°). The algebra for these operators is
simply given by

Ai;jAr = Audjx. (3.15)

The Hamiltonian of Eq. (3.9) can then be written in terms of these operators.
For example, the scalar product of two spin operators is given by
si-s; = (U7 = Di)(UF — D§)+(U;" + D7 )(U; +Df ) +(Us +DF )T} +D5 ). (3.16)

The excitation operators with respect to the planar model state of Eq. (3.13) are
clearly given by the mutually commuting creation operators Ut and Dt. Therefore,
the correlation operator S can now be construcied out of any combination of these
two operators alone which is compatible with s{,.; = 0. In particular, [¥,} is given
in the SUB2 scheme based on the planar model state by,

N
[®,) = e°|N1), S— Ssus2=Y_ > B-UFDf.. (3.17)
=1 r#0

where r runs over all (positive and negative) integers except zero.
The CCM energy equnation analogous to Eq. (2.11) now reads,

% = 9B, cos 0+ 2(1 — f1)sin, ‘ (3.18)

and the two-body equation is derived from

(N1U; D, exp(—Ssupz)H exp(Ssusz)|N1) = 0; r=z1,%2,---, (3.19)
or
D | Kibpr + KB + KaPryp+ Ka Y BiBrrrtp | =0, (3.20)
P ' 10

with By = 0, and where

Ky = (1= By +36]) cos§ — (1 - 361 + 36)sin, (3.210)
K, = —6p, cos6 —2(1 — 3B ) siné, (3.218)
K3 =2cos8, (3-21¢)
K, =cosf —siné. (3-21d)

In these equations p = %1, and r,r’ run over all nonzero integers.

Again the solution of the SUB2 equation can be found by a Fourier transform
technique and numerical results are also shown in Fig. 3. There are two terminating
points in this case. One is located exactly at § = —3x/4 2t which f; = 0 and
E,/N = —/2, and the other, denoted as Q, is at § ~ —0.9209 at which f; ~ —0.4264
and E, /N ~ —2.7874. We note that the system becomes ferromagnetic at the first of
these terminating points. The terminating point Q is more interesting. It lies rather
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close in energy to the Néel SUB2 solution given above. In fact, the results of the
LSUB2 approximations in which only the single coefficient ; or f is retained using
the Néel and planar model states respectively, cross at § a2 —0.9050 which is very close
to the point Q. Such crossings are very commonly regarded in many-body theory as
evidence of a phase change. The fact that the CCM full SUB2 approximation based on
the planar model state terminates here is additional evidence for such a phase change.
We note that in the absence of correlations the estimates (N2|H|N2) and (N1]|H|N1)
for the ground-state energy from Eq. (3.10¢) and (3.10¢) cross at the point § = —x/2
(and +7/2). By contrast, when the correlations in both LSUB2 approximations based
on the Néel and planar states are included, the crossover occurs much closer to the
point § = —x /4 at which the phase transition occurs between the two-fold degenerate
dimerized phase (which exists for —37/4 < # < —=/4) and the nondegenerate Haldane
(AKLT valence-bond) phase.

4. U(1) LATTICE GAUGE MODEL CALCULATIONS

The model state |®) and the correlation operator S for the U(1) model Hamil-
tonian of Eq. (2.15) have been discussed in Sec. 2.3. Here we present the results of
calculations based on this analysis.

4.1 One-Plaquette Approximation

The one-plaquette coefficients {S;(n)} are determined, within the SUB1 approx-
imation, by Eq. (2.20) with the substitution

S — Ssup:1 = S1, (4.1)

where the one-plaquette correlation operator S; is given by Eq. (2.184). In our previ-
ous work [4] we have published the results of this SUB1 scheme. We therefore will not
discuss them again except to quote the equation and define a subtruncation scheme
which will be employed again for the SUB2 scheme discussed later. After an extension
of the definition for {Sp(n)} to include the negative modes (negative n), and taking
advantage of the lattice translational invariance to introduce the definition

am = mSp(m); with @m = —am, and ap =0, (4.2)
Eq. (2.20) can then be readily written as
E 1 1 &
(Tf - ) b+ 5Ams + b t) =i =5 D Gnomn =0, (43)

n=—00

where m may be any integer. We note that the energy equation is given by setting
m = 0. Equation (4.3) can in fact be transformed to the well-known Mathieu equa-
tion corresponding to the single-body Schrodinger equation with the one-plaquette
Hamiltonian given by the first term of Eq. (2.15) [4].

We solve these SUB1 equations numerically by a hierarchical sub-truncation
scheme, the so-called SUB1(n) scheme in which one retains at the nth level of approx-
imation only those coefficients a,, with |m| < n, and sets the remainder with {m| > n
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to zero. For example, in the SUB1(1) scheme, g, is the only retained coefficient. The
solution is trivially obtained from Eq. (4.3) as

=X 5
=2 5

This SUB1(1) result is in fact identical to the result obtained from the second-order
perturbation theory about the strong-coupling (A — 0) limit. However, the sub-
sequent SUB1(n) approximations with n > 1 give results far superior to those of
perturbation theory. A detailed discussion has been given in Ref. [4].

@ =A- %,\2; SUBL1(1). (4.4)

4.2 Two-Plaquette Approximation

‘We next discuss the two-plaquette approximation, i.e., the SUB2 scheme in which
one makes the substitution

S — Ssypz = 51 + 5.. (4.5)

As defined by Eq. (2.18b), there are two sets of two-plaquette coefficients which are
determined by Egs. (2.21a) and (2.21b) respectively. Together with the one-plaquette
equations discussed above, one has three sets of coupled equations. Obviously these
full SUB2 equations are quite involved because there exist mode couplings in addition
to the plaquette correlations. This is different from the SUB2 scheme for the spin-
lattice models considered in Sec. 3 where only the spin-spin correlations exist.

Fortunately, as is well known [14], the local fluctuations in the lattice gauge
theory dominate, and one does not expect a phase transition, at least for the 1D and
2D U(1) models. We therefore employ our local approximation developed for the spin-
lattice models, namely the LSUBm scheme, to calculate the ground-state energy with
the correlation effects included. We shall discass the LSUB2 scheme which includes
only the nearest-neighbour plaguette correlations. (We have also referred to this
LSUB2 scheme as the SUB2-1 approximation in the literature [4].) We need first to
simplify our notations for the two-plaquette coefficients. Using the lattice symmetry
properties, one can write

SO (n1,mz) =be(n1,m2), S (n1m2)=e(ni,nz), r=pa—p. (46)

Clearly, r is simply an integer for the 1D array of plaquettes, but a lattice vector of the
square lattice for the 2D case. The LSUB2 approximation retains those coefficients
b-(n1,n2) and e-(n1,n2) with |r| =1 only.

Similar to the SUB1(n) scheme discussed above, we may also introduce the so-
called LSUB2(n) sub-truncation scheme to incorporate the mode-mode couplings sys-
tematically. For example, the LSUB2(1) scheme is identical to the SUB1(1) scheme
considered previously in which only a single coefficient a; is retained. In the LSUB2(2)
scherne, however, four coeflicients are retained. They are a; and a; from the one-
plaquette equations, and 5;(1,1) and ¢;(1,1) from the two-plaquette correlations.
The corresponding equations, together with the emergy equation, are given in this
local 2-mode approximation by, '

B

=A-a?—a— Ebml - g(bi +e2); (4.7a)
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A
-~ +a; —aja; - za; (61 + %cl) =0; (4.70)

2a; + %af =0; (4.7¢)
(1) (b; # %q) =0; (4.7d)
zat+(+a){ghite | =0; (4.7¢)

where we have simplified the notation further by writing & = b5;(1,1) and ¢; =
¢1(1,1), and where 2 is again the lattice coordination number (i.e., z = 2 for the
1D chain and z = 4 for the 2D lattice). In the strong-coupling limit (A — 0) this
LSUB2(2) approximation exactly reproduces the results of the corresponding pertur-
bation series up to the fourth order,

B A= 332+ 82t 0()%), 1D
g (4.8)

A= 32+ 3200+ 0(2%), 2D.

We have also derived and solved the LSUB2(n) equations up to n = 10. For
example, the LSUB2(3) scheme retains 7 independent coefficients. In addition to
the four coefficients of the LSUB2(2) scheme discussed, the three additional coeffi-
cients are ag,b1(1,2) (= 81(2,1)) and ¢1(1,2) (= c1(2,1)). Generally, there are N,
independent coefficients within the LSUB2(n) scheme, where N, is given by

N, = [n (%n-}- 1)] , (4.9)

and where the symbol [A] denotes the integer part of the number A.

The results for the ground-state energy in the LSUB2(n) scheme up to n = 10 are
shown as functions of A in Table 2 and Fig. 4, together with some results of strong-
coupling perturbation theory. In Table 2 we have also included the results from the
method of correlated basis functions (CBF) [15], and from an analytical continuation
of the strong-coupling perturbation series [16]. Our LSUB2(10) results are in good
agreement with them. One sees clearly in Fig. 4 that our LSUB2(n) results quickly
converges as n increases. It is also clear that the perturbation series gives very poor
results for A > 1.5, a value which seems to be a good estimate for its radius of conver-
gence. Much work in modern field theory goes into attempts to analytically continue
such perturbation series as Eq. (4.8) outside their natural boundaries. A typical recent
such attempt [16] for the 2D U(1) model starts from the strong-coupling perturbation
series of Eq. (4.8), utilizing the known coefficients up to O(A'®) as input to generalized
Padé approximants. We should emphasize that our own LSUB2(n) approximations
themselves represent a natural extension of perturbation theory. They comprise, in
effect, a well-defined analytic continuation or resummation of the perturbation theory
results within the context of a2 natural and consistent hierarchy of approximations.
They may be contrasted with the rather ad hoc approaches based on Padé and other
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Table 2. Ground-state energy per plaquette at several values of A for the 2D U(1)
model. Shown are the results of the LSUB2(n) schemes with n = 2,3,4,5,6,8,10,
together with the full SUBI results and the results of both strong (A — 0) and weak
(A — o) coupling limits in perturbation theory. We show the results of fourth-
and eighth-order strong-coupling perturbation theory, PT4(S) [and see Eq. (4.8)] and
PT3(S) respectively, and of lowest-order weak-coupling perturbation theory, PT(W)
[and see Eq. (4.10)]. The results from the correlated basis function (CBF) approach of
Dabringhaus, Ristig and Clark [15], and from an analytic continuation of the strong-
coupling perturbation series by Hamer, Oitmaa, and Zheng [16], denoted as HOZ, are
also included for comparison purposes.

A
Method

0.5 1 2 3 4 5 6 8 10

SUB1 0.4391 0.7724 1.2430 1.5828 1.8597 2.1000 2.3156 2.6966 3.0315
LSUB2(2) 0.4386 0.7652 1.1468 1.1280 0.3019 —2.833 -15.11 - =
LSUB2(3) 0.4387 0.7681 1.2216 1.5371 1.7691 1.9282 2.0153 1.9720 1.6422
LSUB2(4) 0.4387 0.7681 1.2214 1.5428 1.7994 2.0123 2.1921 2.4585 2.6365
LSUB2(5) 0.4387 0.7681 1.2216 1.5442 1.8043 2.0237 2.2105 2.4977 2.6753
LSUB2(6) 0.4387 0.7681 1.2217 1.5453 1.8099 2.0404 2.2482 2.6188 2.9512
LSUB2(8) 0.4387 0.7681 1.2217 1.5454 1.8100 2.0404 2.2477 2.6142 2.9358
LSUB2(10) 0.4387 0.7681 1.2216 1.5452 1.8095 2.0393 2.2456 2.6096 2.9278
CBF 0.4387 0.7677 1.2167 1.5335 1.7929 2.0201 2.2255 - =
PT4(S) 0.4387 0.7690 1.3042 2.2898 4.8667 10.632 21.638 - =
PT8(S) 0.4387 0.7673 1.1358 -0.738 -20.87 -~ - = -
HOZ - - 1215 - 1.785 - 22 - -
PT(W) 0.5627 0.8434 1.2402 1.5447 1.8015 2.0276 2.2321 2.5917 2.8150

resurnmation techniques, which usually find it difficult to approach the weak-coupling
limit with the correct asymptotic form unless this is built in from the start.

It is worth mentioning that in quantum chemistry and other many-body systems,
the more relevant physical quantity is the so called correlation energy which is defined
as the difference between the mean-field one-body (SUB1 in the present case) and the
exact ground-state energies. This correlation energy can be measured experimentally
in the cases of atoms and molecules. From Fig. 4 and Table 2, one can see that the
correlation energy within the LSUB2 approximation (i.e., the LSUB2 results minus
the SUBI results) in the U(1) model is quite small, and much smaller than the total
energy. We suspect that this is true for lattice gauge field theories in general. This
is quite similar to the case in quantum chemistry where the correlation energy is
typically only a few percent at most of the total energy. It is clear that a powerful
many-body technique is required in order to obtain a sensible numerical value for this
correlation energy.
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Figure 4. Ground-state energy per plaquette for the 2D U(1) model on
the square lattice in the LSUB2(n) scheme with n = 2, 3,4, 10. Also shown
are the full SUB1 results and the results from the nth-order strong-coupling
perturbation series, PTn, with n = 2,4, 8.

We should also point out that one cannot reproduce, from our LSUB2(n) equa-
tions, the correct coefficients of the perturbation series in the weak-coupling limit
(A ~ o), which is given by

E 1

F: el oV — 3G+ o2, (4.10)
where Cp = 1, 0.9833, 0.9581 in 0D (i.e., one-plaguette or Mathien problem), 1D and
2D respectively, although our LSUB2(n) schemes do give good results even for very
large values of A, as can be seen from Table 2 and Fig. 4. Some results from the first
two terms of weak-coupling perturbation series of Eq. (4.10) have also been included
in Table 2 for comparison, where they are denoted as PT(W). However, by employing
a different model state, one can reproduce both the correct strong- and weak-coupling
limits as we shall discuss next.

4.3 Alternative Mean-Field-Like Model State

In the above CCM calculations, the model state |®) was chosen as the ground-
state wavefunction of the strong-coupling limit Hamiltonian of Eq. (2.16), i.e., a con-
stant. This is certainly not the only choice. For example, one can take a mean-field-
like wavefunction as our CCM model state. In fact, CCM calculations based on a
mean-field-like model state, sometimes referred to as the maximum-overlap criterion,
have been carried out for the ¢* field theory and other many-body problems [17].

In the current context, the mean-field-like wavefunction self-consistently includes
one-plaquette correlations and can be written as,

[®me) = exp(T)| 2}, (4.11)
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where |®) is, as before, the constant ground-state wavefunction of Hp and where T
can be expressed in lowest order in terms of the single one-plaquette variable,
I, o2
T= 5tzcos B,, (4.12)
=1
with t a parameter yet to be determined. A simple energy minimization can be

carried out by treating ¢ as a variational parameter in the expectation value of the
Hamiltonian with respect to this |®¢), namely

ZiEy=0, with ()= (—‘f;i——i—z";f). (4.13)
A shesighiorward evalustion yaslds the ek,
2L + G - A) (B(t) - 22(t)) = O, (4.14)
~where I,(z) is the modified Bessel function of order =,
- fo " 38 cos nfexp(z c0s6) = I (z). (4.15)

The solution of Eq. (4.14) for ¢ leads to the correct leading-order perturbation
series terms for the ground-state energy in both strong- and weak-coupling limits,

E) _ (3 L) _ {,\_ IN4+0(), forA—0;
N, M 2 L(t) ~ L VA-1+0(Y2), forA—oo. (4.16)

More precisely, this (variational) mean-field calculation reproduces the result of
lowest-order strong-coupling perturbation theory in all dimensions, since this result is
itself independent of the coordination number of the lattice, whereas it reproduces the
exact weak-coupling limit only of the (zero-dimensional) single-plaquette case. Nev-
ertheless, as we have indicated in our discussion below Eq. (4.10), the weak-coupling
limits for the 1D chain and 2D square lattice are themselves very close to that of the
single-plaquette Mathieu problem.

Hence, one can now carry out similar CCM calculations as discussed above, but
based on |®n¢) as model state instead of the constant |@). The only change is that in
each inner product as in Eqgs. (2.20) - (2.21), for example, one replaces the constant
model state [®) by the mean-field-like model state |Pms). We expect such calculations
to produce results which are correct in both the strong- and weak-coupling limits, and
hence rather accurate over the entire range of A\. We are currently carrying out such
calculations and will report our results in the near future.

5. INTRODUCTION TO A CCM ANALYSIS FOR THE SU(2) MODEL

The Hamiltonian of a general non-Abelian lattice gauge field theory is given, in
the case of pure gauge without quark fields, by

= % Y BB +AY (1 cos By), (.1)
1 P



where, like the Abelian gauge model of Eq. (2.11), the first sum is over all links
! while the second is over all plaquettes p. But, different from the Abelian case,
the electric field E; (= Ef¥) here is a vector and in Eq. (5.1) the convention of two
repeated indices implying the summation over the corresponding index is assumed. In
particular, for the SU(2) model under consideration, E* is a three-dimensional vector
(with @ = z,9,2). The magnitude B, of the magnetic field vector B, is defined by
the trace of the product of four members of the SU(2) group defined on the links of
the plaquette p as

cos B, = %’n U,, with U, = U,0,U3U; 2, (5.2)

where the link variable U; is defined through the vector potential 4; as
Ui =exp (% “A?‘) s (53)

with o the usual Pauli matrices that form the generators of the SU(2) algebra.
The basic algebra for the SU(2) model is given by the following commutation
relation,

; 1
[EIQ' Uzl] = 561;:0“171. (5-4)

In view of the successful application of the CCM to the Abelian U(1) lattice
gauge model discussed in Sec. 4, we intend to apply a similar CCM analysis to this
non-Abelian SU(2) model. As one may notice immediately, the first main difference
between the SU(2) and U(1) models lies in the fact that both the electric field E;
and the magnetic field B, are three-dimensional vectors in the SU(2) model, whereas
they are scalars in the U(1) model. The fact that both E; and B, are vectors in the
SU(2) model implies that one has to include the angular dependences in the two-body
(and higher-order) correlation operator S, given by the counterpart to Eq. (2.18%).
Although this work is still in progress, it is clear that for the case of the one-plaquette
problem, similar calculations to those in Sec. 4.1 can be carried out for the SU(2)
model with only minor modifications.

Specifically, we still choose a constant wavefunction for our model state |#), and
write the one-plaquette correlation operator S; as

Si= i S(n)cosnB, (5.5)

n=1

where we have suppressed the plaquetie index p because we consider only the case of
the one-plaquette problem for the moment. The energy and one-plaquette equations
are similar to Eq. (2.20), but the inner product between a ket state |f) and a bra
state (| is now defined by

2%
@in=zx [ 5 5sn*Bas, (56)

where the new integration measure, 2 sin? BdB, reflects the fact that B is the mag-
nitude of a vector.
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Equation (2.20) for the case of the one-plaguette SU(2) model then becomes,
with e = F,,

1 1
(eO - A) [6n.0 - 5(55,2 + 675,—-2)] + ZA(&n,l + 575,-1 - 6n,3 - 67!,—3)

1 1 1 1

-3 [Mn - 5("‘* 2)an42 — '2'(" — 2)%-2] — Z(an+z —an-2) (5.7)
1 & 1 1

+ 'ém;w Gm (am—n e Ea-m.—n—z = Eam—n+2> =0,

where, as before in Eq. (4.2), we have extended the definition of the one-plaquette
coefficients a,, = nS(n) to include the negative modes. This equation similarly arises
for the Np-plaquette SU(2) model in the SUB1 approxiamtion, with ey — E,/N,.
Equation (5.7) can in fact again be transformed into the well-known antisymmetric
Mathien equation which characterizes the SU(2) single-plaquette problem by first
making a Fourier transform,

A(B) = i @y, sSin mB, (5.8)

m=—0o0

and then by making the familiar Riccati transform A(B) = —2¢/(B)/¢¥(B). We thus
readily find,

——;-sinB¢"-cosB¢'+/\(1—cosB)sinB¢=eosinB.qli. (5.9)
Finally, by making the substitution ¢ = sin B 4, one derives the following Mathieu
equation,

[-3 (a5 +1) +30 - ws3)] 6(8) = eov(®), (5.10)

where we now seek the lowest antisymmetric solution [18]. It is not difficult to perform
the similar calculations of the SUB1(n) scheme, as discussed in Sec. 4.1, for Eq. (5.7).
We do not therefore go into detail here.

6. DISCUSSION AND EXTENSIONS

In this article we have reviewed our applications of the CCM to the two archety-
pal Hamiltonian lattice problems, namely the spin-lattice systems and the Abelian
lattice gauge field models. The emphasis has been placed on the systematic, uni-
fied approximation schemes developed in the course of our investigation for obtaining
with high accuracy the ground-state energy and such other physical quantities as the
excitation energy and long-range order parameter.

The results presented in this article convince us that the extension of the current
‘approach to other Hamiltonian lattice systems of interest is a natural and urgent next
step. One such lattice system is the electronic Hubbard and allied models which, de-
spite intensive studies by various theoretical techniques, are still not well-understood.
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We notice that some preliminary attempts have been made in this direction [19].
The extension of our calculations for the U(1) lattice gauge model in this paper to
such other non-Abelian lattice gauge models as the SU(2) model is also well un-
der way. We are interested, furthermore, to carry out similar CCM calculations
for the low-dimensional spin-lattice systems, e.g., the spin-1 Heisenberg-biquadratic
chain of Eq. (3.9), and other interesting spin-3 chains with nearest- and next-nearest-
neighbour couplings, but using the dimerized or trimerized valence-bond states of the
types discussed in Sec. 3.3 as our model states. We hope to report the results of all
these calculations in the near future.

ACKNOWLEDGEMENTS

Much of the work on spin-lattice models has been done in collaboration with
J. B. Parkinson, and much of that on lattice gauge field theory with the assistance
of A. S. Kendall and L. Y. Wong. We thank each of them for many useful discus-
sions. One of us (R.F.B) also gratefully acknowledges the support of the Science and
Engineering Research Council of Great Britain.

REFERENCES

1. F. Coester, Nucl. Phys. 7, 421 (1958); F. Coester and H. Kiimmel, sbid. 17, 477
(1960).

2. R. F. Bishop and H. Kimmel, Phys. Today 40(3), 52 (1987); R. F. Bishop,
Theor. Chim. Acta 80, 95 (1991).

3. R. F. Bishop, J. B. Parkinson, and Y. Xian, Phys. Rev. B 43, 13782 (1991); 44,
9425 (1991); 46, 880 (1992); J. Phys.: Condens. Matter 4, 5783 (1992).

4. R. F. Bishop, A. S. Kendall, L. Y. Wong, and Y. Xian, in Condensed Matier
Theories, Vol. 8 (eds. L. Blum and F. B. Malik), Plenum, New York, 1993,
p- 269; idem., Phys. Rev. D 48 (1993) (in press); R. F. Bishop and Y. Xian,
Acta Phys. Pol. B 24, 541 (1993).

5. H. A. Bethe, Z. Phys. 71, 205 (1931); L. Hulthén, Ark. Mat. Astron. Fys. A
26, No. 11 (1938); J. des Cloiseaux and J. J. Pearson, Phys. Rev. 128, 2131
(1962); L. D. Faddeev and L. A. Takhtajan, Phys. Lett. 85A, 375 (1981).

6. F. D. M. Haldage, Phys. Lett. 93A, 464 (1983); Phys. Rev. Lett. 50, 1153
(1983).

7. 3. B. Parkinson, J. Phys. C 21, 3793 (1988); M. N. Barber and M. T. Batchelor,
Phys. Rev. B 40, 4621 (1989); A. Kliimper, J. Phys. A 23, 809 (1990). Note
also that the ground-state dimerization order parameter of the pure biguadratic
chain Hamiltonian has recently been calculated by Y. Xian (unpublished).

8. L. A. Takhtajan, Phys. Lett. 87A, 479 (1982); H. M. Babuijian, Phys. Lett.
90A, 479 (1982) and Nucl. Phys. B 215, 317 (1983).

9. I. Afleck, T. Kennedy, E. Lieb, and H. Tasaki, Phys. Rev. Lett. 59, 799 (1987);
Commun. Math. Phys. 115, 477 (1988).

10. C. K. Lai, J. Math. Phys. 15, 1675 (1974); B. Sutherland, Phys. Rev. B 12,
3795 (1975).

456



11. A. V. Chubukov, Phys. Rev. B 43, 3337 (1991)

12. Y. Xian, J. Phys.: Condens. Matter (1993) (in press).

13. G. Féith and J. Sélyom, Phys. Rev. B 44, 11836 (1991).

14. R. P. Feynman, Nucl. Phys. B188, 479 (1981); H. Arisue, M. Kato, T. Fujiwara,
Prog. Theor. Phys. (Japan) 70, 229 (1983).

15. A. Dabringhaus, M. L. Ristig, and J. W. Clark, Phys. Rev. D 43, 1978 (1991).

16. C. J. Hamer, J. Oitmaa, and W. H. Zheng, Phys. Rev. D 45, 4652 (1992).

17. B. Kimmel, Nucl. Phys. A317, 99 (1979); C. S. Hsue, H. Kiimmel, and P.
Ueberholz, Phys. Rev. D 32, 1435 (1985).

18. D. Robson and D. M. Webber, Z. Phys. C 7, 53 (1980); S. A. Chin, O. S. van
Roosmalen, E. A. Umland, and S. E. Koonin, Phys. Rev. D 31, 3201 (1985).

19. M. Roger and J. H. Hetherington, Europhys. Lett. 11, 255 (1990); C. F. Lo, E.
Manousakis, and Y. L. Wang, Phys. Lett. A 156, 42 (1991).

457



